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1. INTRODUCTION

In commutative algebra, many problems remain open only in the mixed characteristic case.
The theory of perfectoid spaces, introduced by P. Scholze, provides a revolutionary framework
that builds a bridge between objects in mixed characteristic and positive characteristic. Origi-
nally developed in the context of arithmetic geometry, this theory led to a major breakthrough
with Y. André’s resolution of the direct summand conjecture, and has since become one of the
most powerful tools in commutative algebra in mixed characteristic.

A central operation in perfectoid theory is tilting, which associates to a mixed characteristic
perfectoid ring A a positive characteristic perfect(oid) ring A°. These two rings are linked by
the so-called Fontaine’s monoidal map §: A — A. On the other hand, a major drawback of
perfectoid rings is that they are typically non-Noetherian. To overcome this difficulty, S. Ishiro,
K. Nakazato, and K. Shimomoto ([INS25]) introduced the notion of perfectoid towers, which
consist of sequences of rings approximating a perfectoid ring.

With this background in mind, we apply Fontaine’s monoidal map to perfectoid towers. As a
consequence, we compare the complete integral closedness of a perfectoid tower with that of its
tilt. Moreover, we give a new construction of perfectoid towers arising from ramification theory
and establish the normality of their tilts. In this talk (and report), we review Fontaine’s map
and its applications to perfectoid rings, and explain our results on perfectoid towers. This is
based on joint work with Shinnosuke Ishiro and Kazuma Shimomoto ([HIS26]).

Throughout this report, we fix a prime number p > 0. All rings are assumed to be commu-
tative.

2. PERFECTOID RINGS AND FONTAINE’S MAP

Let us briefly review applications of Fontaine’s map to perfectoid rings (see [CS24, §2.1] and
[EHS24] for more details). We say that an Fp-algebra is perfect if the Frobenius endomorphism
on it is bijective. Perfectoid rings are generalizations of perfect F,-algebras to mixed charac-
teristic. While there are several equivalent characterizations of perfectoid rings, we adopt the
following definition, which is the most convenient for commutative algebraists.

Definition 2.1 (cf. [INS25, Theorem 3.50]). We say that a ring A is perfectoid if it contains
an element w satisfying the following conditions.
(1) p € wPA, and A is w-adically complete and separated.
(2) The Frobenius endomorphism on A/wPA induces an isomorphism of rings A/wA =N
A/wP A.
(3) The multiplicative map

Ator — Aw—tor; x = a?
is bijective, where Ag tor == {x € A | @w"x = 0 for some n > 0}.

Example 2.2. (1) An Fj-algebra is perfectoid if and only if it is perfect.
(2) Consider a complete regular local ring (R, m, k) whose residue field k is a perfect field of

characteristic p. By the Cohen structure theorem, we can write R = W (k)[[z1, ..., z4]]/(p—
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f), where W (k) is the ring of Witt vectors of k and f = z1 or f € (x1,...,74)% Then
the p-adically completion

1 1

(WOleT™ V- f))A

of the ring obtained by adjoining compatible systems of p-power roots of x1,...,xq is
perfectoid. In the case where R is ramified, this result is due to Shimomoto [Shil6].
For other examples, we refer to [BIM19, Example 3.8].

In the rest of this section, let A be a perfectoid ring that is not an Fj-algebra, and take @w € A
as in Definition 2.1.

Definition 2.3. We define the tilt of A as the projective limit of F)-algebras

A" Jim A/pA = lim(- - A/pA A/pA).
Frob

Frob Frob

One can check that A° is a perfect Fp-algebra. Thus to a perfectoid ring A we associate a
perfect IF,-algebra A”. One of the main aims in perfectoid theory is to compare ring-theoretic
properties of A with A”. However, there is no ring homomorphism between A and A® because
they have different characteristics. Despite this, we have the following monoidal map, which is
the main object of this talk.

Proposition-Definition 2.4 (J.-M. Fontaine). The canonical projection A — A/pA induces
an isomorphism of multiplicative monoids

lim A = lim A/pA = A",

TP Frob

We define Fontaine’s (monoidal) map §: A® = A as the composite of the inverse of the isomor-
phism above followed by the 0-th projection @ A— A.

TP

Through the map , one can transfer information from A to A°. Let us list some fundamental
results on the monoidal map.

Proposition 2.5 ([(S24, §2.1]). Let @’ € A® such that (")t is a unit multiple of w.
(1) #: A* = A induces an isomorphism of Fp-algebras

A (PP A S AJP A

In particular, the ideal (wl’) is independent of the choice of w".
(2) t: A" — A induces an isomorphism of abelian groups

(A) o S Aior

w’ -tor
In particular, A is w-torsion free if and only if A* is w’-torsion free.
For a ring extension R C S, an element z € S is called almost integral over R if the R-

subalgebra R[x] of S is contained in a finitely generated R-module. If every element of S is
almost integral over R, then we say that R is completely integrally closed in S.

Theorem 2.6 ([EHS24, Main Theorem 1.3]). If A is w-torsion free and A is completely inte-
grally closed in A[L], then A® is completely integrally closed in Ab[ﬁ].

1
W
3. PERFECTOID TOWERS AND FONTAINE’S MAP
By a tower of rings we mean a sequence of ring homomorphisms
R={Ri}izo={Ri,ti}izo = (Ro 2% Ry & ...).

We say that a tower of rings R is perfect if it is isomorphic to the tower of the form R Frob,

R P With R a reduced [F)-algebra. Perfectoid towers are generalizations of perfect towers

in mixed characteristic.
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Definition 3.1 ([INS25, Definition 3.21]). Let R be a ring, and Iy C R an ideal. We say
that a tower of rings R = {R;,t;}i>0 is a perfectoid tower arising from (R, Ip) if it satisfies the
following conditions.
(a) Ro = R and p € Iy.
(b) For any i > 0, the ring homomorphism ¢;: R;/IoR; — Ri+1/IoR;i+1 is injective.
(c) For any 7 > 0, the Frobenius endomorphism on R;;1/IpR;11 (uniquely) factors through
t; as follows:

Rit1/IoRit1 % Rii1/IoRita

R;/IvR;

(d) For any i > 0, the ring homomorphism F;: R;11/IgR;+1 — R;/IyR; is surjective.

(e) For any i > 0, IyR; is contained in the Jacobson radical of R;.

(f) Iy is a principal ideal, and R; contains a principal ideal I satisfying the following
conditions.
(1) 1Y = IhRy.
(£-2) For every i > 0, Ker(F;) = I1(Riy1/IoRi+1)-

(g) Foreveryi >0, In(R;)1,tor = (0). Moreover, there exists a (unique) bijection (F;)tor: (Rit+1)Iy-tor —
(R;) 1y-tor such that the following diagram commutes.

(Rit+1)Io-tor © Riiq » Rit1/IoRi1

(Fi)torl le

(Ri) 1o-tor » R; » Ri/IyR;

Example 3.2. (1) A tower of Fp-algebras is a perfectoid tower arising from some pair
(R, (0)) if and only if it is a perfect tower.
(2) If R=W(k)[[z1,...,z4]]/(p— f) is a complete regular local ring as in Example 2.2 (2),
then
1 1 L

1
R—=WkE)a],....zgl/(p—f) = = WE={",....a]]l/(p— f) =
is a perfectoid tower arising from (R, (p)).
There are many other examples of perfectoid towers; see [INS25], [Ish24], and [I525].
In the rest of this section, let R = {R;,t;i}i>0 be a perfectoid tower arising from some
pair (R, Iy). Then the Iy-adically completion }/%; of the inductive limit Ry, = hﬂlpo R; is a
perfectoid ring ([INS25, Corollary 3.52]). We have the notion of tilts for perfectoid towers:

Definition 3.3 ([INS25, Definition 3.29 and 3.34]). For any i > 0, we define the i-th small tilt
of R as the projective limit of [F,-algebras
Ry lim ( LN Rip1/IoRit1 =5 Ri/IORi)

The transition maps ¢;4; for 7 > 0 canonically induce a ring homomorphism tf'b: Rf'b — Rffl.
Thus we have a tower of Fj-algebras R’ = {R5?, 5" };>0, which is called the tilt of R.

One can show that R’ is a perfect tower ([INS25, Proposition 3.10 (2)]). We define a refine-
ment of Fontaine’s map for perfectoid towers.

Proposition-Definition 3.4 ([HIS26]). For any i > 0, the canonical projections R;i; +

IOR/; — (Riyj + IOEO\O)/IOR/; = Riyj/IoRiy; for j > 0 induce an isomorphism of multi-
plicative monoids

yf( I Ry + ToRow 22 Ry + IoRog )iR;".
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We define i-th Fontaine’s (monoidal) map $0) . Rf'b — Ri—i—IOEO\O as the composite of the inverse
of the isomorphism above followed by the 0-th projection into R; + Iy Reo.

Using the map #(9, we obtain tower-theoretic analogues of Proposition 2.5 and Theorem 2.6:

Proposition 3.5. Let Ig'b denote the kernel of the 0-th projection RS = Rg'b — R/IyR, and
let 1> 0. '
(1) $9 induces an isomorphism of F,-algebras

(2) $9) induces an isomorphism of (possibly) non-unital rings
) (Rf.b)lg'b—tor i> (Ri)fo—tor-

Note that the isomorphisms (3.1) and (3.2) were already established in [INS25]; Proposi-
tion 3.5 simply asserts that they are induced by (. We now state our first main theorem.

(3.1

(3.2

Theorem 3.6 ([HIS26]). Assume that R is Iy-torsion free, and choose a generator fy of Iy.
Then the following conditions are equivalent.

(1) R; is completely integrally closed in RZ[%] for every ¢ > 0.

(2) Roo is completely integrally closed in Roo[%].

(3) Reo is completely integrally closed in }/B;[%]
Moreover, if R satisfies these conditions, then so does the tilt R.

Since the notion of complete integral closedness coincides with that of integral closedness in
the Noetherian case, we may expect that Theorem 3.6 can be applied to deduce the normality
of small tilts Rf'b. As a second main theorem, we give such an example as follows.

Theorem 3.7 ([HIS26]). Let R be an unramified complete regular local ring of mized charac-
teristic with perfect residue field of characteristic p > 0. Let R — S be a module-finite extension
of normal local domains such that R[%] — S[%] is étale. For each n > 0, let S,, be the integral

closure of Ry, in (R, ®g S)[%] Then there exist a rational ¢ € (0,1) NQ, and an integer N > 0
such that {Sy}n>n is a perfectoid tower arising from the pair (Sn, (p°)).

Note that the construction and the proof of Theorem 3.7 are heavily based on the work of F.
Andreatta [An06]. He had already constructed certain ramified towers as in {Sy, },,>0 appearing
in Theorem 3.7 and used them to develop a generalized theory of field of norms. In particular,
he made extensive use of ramification theory. Indeed, we choose an integer N as in Theorem 3.7
so that the p-adic valuation of the discriminant of Sy /Ry is sufficiently large. Finally, we
obtain the following result as an application of Theorem 3.6.

Corollary 3.8 ([HIS26]). With notation as in Theorem 3.7, S£” is a normal ring for every
n>N.

In fact, the corollary was essentially established in [An06] using a valuation on S’ . However,
we provide an alternative proof based on the almost purity theorem, one of the most fundamental
results in perfectoid theory.
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